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Inflation in generalized unimodular gravity
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The recently suggested generalized unimodular gravity theory, which was originally put forward as
a model of dark energy, can serve as a model of cosmological inflation driven by the effective perfect
fluid – the dark purely gravitational sector of the theory. Its excitations are scalar gravitons which
can generate, in the domain free from ghost and gradient instabilities, the red tilted primordial power
spectrum of CMB perturbations matching with observations. The reconstruction of the parametric
dependence of the action of the theory in the early inflationary Universe is qualitatively sketched
from the cosmological data. The alternative possibilities of generating the cosmological acceleration
or quantum transition to the general relativistic phase of the theory are also briefly discussed.
PACS numbers: 98.80.Cq, 04.20.Fy, 04.50.Kd
1. INTRODUCTION
Cosmological acceleration phenomenon and fundamen-
tal problems of quantum gravity produce a rich play-
ground for modifications of Einstein general relativity
(GR). Quite curiously, these modifications associated
nowadays with the resolution of the dark energy problem
were initiated by Einstein himself [1] in the form of what
is presently known as unimodular gravity (UMG). UMG
is characterized by the kinematical restriction on metric
coefficients det gµν = −1, and despite the lack of general
coordinate invariance it has attracted a lot of attention
[2], in particular, because it incorporates the cosmolog-
ical constant as an arbitrary constant of motion rather
than a fixed fundamental parameter in the action. An-
other type of modifications is focused on the construction
of UV consistent renormalizable quantum gravity and is
based on breakdown of Lorentz invariance in the form of
Horava-Lifshitz gravity theories [3]. What these theories
share in common with UMG is that their most advanced
class, with firmly established renormalizability and possi-
ble asymptotic freedom [4], belongs to the so-called pro-
jectable models with another type of metric restriction –
fixing the lapse function (−g00)−1/2 = 1.
Recently there was suggested another model, moti-
vated by the necessity to explain the dark energy mech-
anism with a variable in time equation of state [5]. It
combines the violation of both diffeomorphism and rel-
ativistic symmetries and generalizes the kinematical re-
strictions of the above two types. This is generalized
unimodular gravity (GUMG) in which the lapse function
is identified with some rather generic function of the de-
terminant of the 3-dimensional metric γij ≡ gij [5],
(−g00)−1/2 = N(γ), γ = det γij . (1.1)
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As shown in [5] this restriction, which obviously re-
duces to the unimodular condition for a particular choice
of N(γ) = 1/
√
γ, leads to Einstein equations with the ef-
fective matter sources – the perfect fluid with the variable
in time equation of state p = wε and barotropic parame-
ter w. It turned out that this model represents a compli-
cated example of constrained dynamical system subject
to bifurcation [6] – in the wording of [7] the existence of
two branches of the theory with different numbers of de-
grees of freedom. One of these branches has extra degree
of freedom which corresponds to the conformal mode of
the spatial metric and manifests itself as effective per-
fect fluid. There is a large class of functions N(γ) for
which the excitations of this fluid – scalar gravitons –
are free from ghost and gradient instabilities and prop-
agate with a nontrivial speed of sound. This is a rather
unusual property, because the scalar degree of freedom
composed of the spacetime metric as a rule suffers from
ghost instabilities (with, perhaps, one exception possible
for Starobinsky model of the higher-derivative R2-gravity
[8]).
It turned out, however, that despite original motiva-
tion GUMG model cannot generate a cosmological ac-
celeration scenario of crossing the phantom divide line
w = −1 [9], because in the domain of stability of the the-
ory the time dependent parameter w always evolves away
from −1 [6]. Since this range of w below −1, which was
once rather popular [9, 10], is still not ruled out by obser-
vations at small redshifts, GUMG theory can hardly be
responsible for the dark energy mechanism. But it was
conjectured in [6] that GUMG scalar graviton can gen-
erate phenomenologically acceptable inflationary stage.
Here we indeed confirm this conjecture and show that the
cosmological perturbation theory for quasi-exponential
expansion of the Universe in GUMGmodel is very similar
to the formalism of general relativistic inflationary cos-
mology [11–13]. Contrary to GR inflation in the GUMG
model does not need any additional field like inflaton,
because inflationary expansion is driven by the scalar
graviton, which leads under an appropriate choice of the
2function N(γ) to nearly flat power spectra of scalar and
tensor perturbations with the parameters close to obser-
vations.
The organization of the paper is as follows. In Sects.2
and 3 we briefly recapitulate the foundations of the
GUMG model and its Friedmann background solutions
presented in [5, 6]. In particular, we derive the Fried-
mann equation for this background as an integral of mo-
tion of ij-components of modified Einstein equations like
it has been done in projectable Horava-Lifshitz gravity
in [14]. In Sects.4 and 5 we develop the cosmological
perturbations theory on this background and derive the
expressions for power spectra of scalar and tensor per-
turbations. These expressions reveal a remarkable simi-
larity with the formalism of GR inflationary cosmology
driven by the inflaton scalar field in the representation
of a dynamical perfect fluid with a generic equation of
state [12, 13]. Sect.6 is devoted to the discussion of ap-
proximate reconstruction of the function N(γ) from the
known parameters of red tilted inflationary power spec-
tra. Concluding section contains discussion and specula-
tions on the role of GUMG theory in realistic cosmology
with matter fields, undergoing transitions between var-
ious epochs which include the cosmological acceleration
stage. In particular, we speculate on the possibility of
classically forbidden quantum transitions between bifur-
cating branches of the GUMG theory that could bring
it into a partially gauge fixed GR phase. Two abstracts
contain the formalism of gravitational gauge invariant
potentials and inclusion of matter sources into GUMG
theory.
2. GENERALIZED UNIMODULAR GRAVITY
Dynamics of the generalized unimodular gravity [5] is
described in much detail in [6]. The action of this theory
follows from the Einstein-Hilbert action SEH[gµν ] by the
substitution of the kinematical restriction (1.1). This ac-
tion generates the equations of motion which effectively
coincide with Einstein equations in the presence of a per-
fect fluid,
Rµν − 1
2
gµνR =
1
2
Tµν , (2.1)
Tµν = (ε+ p)uµuν + p gµν . (2.2)
The stress tensor of this effective perfect fluid has a 4-
velocity uµ = −δ0µN and the equation of state for its
energy density ε and pressure p,
p = wε, w = 2
d lnN(γ)
d ln γ
, (2.3)
its barotropic parameter w being determined by the func-
tion N(γ).
These equations can be easily derived by treating all
ten gµν in the variational procedure as independent, but
including the kinematical constraint (1.1) in the action
with the Lagrange multiplier [5, 6]. It is important that
the energy density ε here is in fact composed of the met-
ric, because the 00-component of the ten effective Ein-
stein equations is just a definition of ε,
ε = 2 uµuν Gµν , Gµν = Rµν − 1
2
gµν R, (2.4)
as it follows from the contraction of (2.1) with uµuν .
Therefore, the ten equations (2.1) are not independent,
but represent the projection of the vacuum Einstein equa-
tions on the set of nine independent equations as it should
be for nine independent metric coefficients gij and g0i.
1
The dynamical content of the theory can be revealed
by its canonical formalism which is usually described in
terms of the ADM (3+1)-decomposition of the spacetime
metric into the lapse function N (for it we use the same
notation as the function N(γ) in (1.1)), shift functions Ni
and the spatial metric γij of spacelike slices of a constant
time x0 = t
N = (−g00)−1/2, Ni = g0i, N i = γijNj ,
γij = (γ
ij)−1 = gij .
(2.5)
With this parametrization the Lagrangian action of the
theory reads
SGUMG[γij , N
i]
=
∫
dt d3xN
√
γ
(
3R +K2ij −K2
)∣∣∣
N=N(γ)
, (2.6)
Kij =
1
2N
(∇iNj +∇jNi − γ˙ij), K = γijKij , (2.7)
in terms of the extrinsic curvature Kij and scalar cur-
vature 3R of 3-dimensional spacelike slices of constant t.
The Legendre transform with respect to metric coefficient
velocities γ˙ij converts this action into the canonical form
S[γij , pi
ij , N i, Pi, v
i] =
∫
dt d3x
(
piij γ˙ij + PiN˙
i
−NH⊥ −N iHi − viPi
)
, (2.8)
where the canonical momenta piij and Pi are conjugated
respectively to γij and N
i, the Hamiltonian is a linear
combination of the constraint functions of general rela-
tivity – the Hamiltonian constraint H⊥ and momentum
constraints Hi,
H⊥ =
γimγjnpi
ijpimn− 12 pi2√
γ
−√γ 3R, pi = γijpiij , (2.9)
Hi = −2γij∇kpijk, (2.10)
and the primary constraints Pi = 0 are included into
the integrand of (2.8) with the Lagrange multipliers vi.2
1 This, in particular, explains why every solution of vacuum Ein-
stein theory is also a solution of the GUMG model.
2 Both actions (2.6) and (2.8) contain also surface terms which
make their variational procedure consistent under fixed boundary
conditions at spatial boundary. These terms and their role in
gauge invariance properties of the theory were considered in [6],
but they will not be important in what follows.
3Everywhere here and in what follows the lapse function
coincides with the function N(γ) of Eq.(1.1), ∇i is the
covariant derivative with respect to the metric γij and
3R is its scalar curvature.
According to the Dirac procedure for constrained dy-
namical systems, the conservation of the primary con-
straint Pi = 0 leads to the sequence of three generations
of constraints
Hi = 0, (2.11)
∂iT = 0, T ≡ wNH⊥, (2.12)
T∂iS = 0. (2.13)
The secondary constraints coincide with the general rel-
ativistic (GR) momentum constraints Hi, the tertiary
constraints reduce to the components of the gradient of
a special function T proportional to the GR Hamilto-
nian constraint and the quaternary constraint factorizes
as a product of T and the gradient of another function S
defined by
S = Ω ∂kN
k − d lnw
d ln γ
piN√
γ
, (2.14)
Ω = 1 + w + 2
d lnw
d ln γ
. (2.15)
It is worth discussing the origin of these constraints
from the Lagrangian formalism. All secondary con-
straints and their higher generations are the consequence
of equations of motion (2.1). First of all, it is well known
that with the Lagrangian values for canonical momenta
piij0 = −
√
γ(Kij−γijK) the general relativistic Hamilto-
nian and momentum constraints express as the following
projections of the Einstein tensor
Hi |pi=pi0 =
√
γ Gµiu
µ, (2.16)
H⊥|pi=pi0 = −2
√
γ Gµνu
µuν , (2.17)
so that the secondary constraint Hi = 0 is satisfied in
view of the Einstein equation (2.1) and the diagonal form
of the perfect fluid stress tensor, Tµiu
µ = 0. Similarly, in
view of (2.4)
H⊥ = −ε√γ, (2.18)
and the spatial projection of the stress-tensor conserva-
tion law ∇µTµi = ∂i(√γεwN)/N√γ = 0 immediately
leads to the tertiary constraint (2.12), ∂iT = 0. On
the other hand, the temporal projection of this conser-
vation law ∇µTµνuν = 0 can be solved with respect to
∂t(Nε
√
γ) and substituted into ∂t∂iT = −∂i∂t(Nwε√γ)
to give 0 = ∂t∂iT = T∂iS, where
S =
[
(1 + w) ∂kN
k + (∂t −Nk∂k) lnw
]
(2.19)
is the the Lagrangian form of the function S – this can
be directly verified by substituting into (2.14) the La-
grangian expressions piij0 = −
√
γ(Kij − γijK) for mo-
menta. Therefore, we recover the quaternary constraint
T∂iS = 0 in the Lagrangian form.
The factorization of the quaternary constraint (2.13)
implies that the theory bifurcates into two branches. The
first branch corresponds to the equation T = 0, which
is thus equivalent to the general relativistic constraint
H⊥ = 0 and automatically enforces the tertiary con-
straint. In the second branch the function T ∼ H⊥ =
−ε√γ is spatially constant but nonzero, so that the emer-
gence of the perfect fluid with ε 6= 0 results in the qua-
ternary constraint
∂iS = 0. (2.20)
For nonvanishing coefficient Ω in Eq.(2.14) the sequence
of constraints then terminates, because the conservation
of S reduces to the equation which determines the La-
grange multipliers vi.
These two branches are physically very different, be-
cause they have different sets of constraints and differ-
ent numbers of degrees of freedom. According to the
Dirac terminology all the constraints in the first branch
(Pi, Hi, H⊥) belong to the first class, and the theory is in-
variant with respect to three spacetime diffeomorphisms
respecting the condition (1.1). Therefore, this branch can
be interpreted as general relativity within a partial gauge
fixation of spacetime diffeomorphisms, corresponding to
this kinematical restriction on metric coefficients.
The second, physically most interesting branch, is the
one in which this restriction gives rise to the effective
perfect fluid with a nonvanishing density and pressure
subject to barotropic equation of state of the above
type [5]. As shown in [6], its full set of constraints
(Pi, Hi, ∂iT, ∂iS) incorporates both first class and sec-
ond class constraints, the first class ones forming four
nontrivial linear combinations of Pi and Hi. Contrary
to the first branch, the theory is invariant only with re-
spect to two spatial diffeomorphisms which can be real-
ized as local canonical transformations generated by the
first class constraints.3 Correspondingly, this branch has
only two (the number of primary first class constraints
among Pi = 0) local diffeomorphism symmetries which
can be realized as canonical transformations on phase
space. This enlarges the physical sector of the theory
from two local general relativistic degrees of freedom to
three degrees of freedom. As we will see, this extra de-
gree of freedom in this branch – the scalar graviton – can
generate the analogue of the inflationary cosmology with
phenomenologically acceptable parameters.
3 A subtle mechanism of this disparity between the number of
residual diffeomorphisms remaining after the partial gauge fix-
ation (1.1) and the number of actual gauge symmetries is ex-
plained in [6]. Equations of motion are of course locally invariant
also with respect to the third (temporal) diffeomorphism preserv-
ing (1.1), but this diffeomorphism does not leave invariant the
boundary terms of the action and, thus, changes the physical
state of the system. Therefore it cannot be considered as a local
gauge symmetry and does not reduce the number of degrees of
freedom.
4Important property of the bifurcating branches is that
at the classical level there are no transitions between
them, because a nonzero value of the function T can never
evolve to zero in finite time due to the evolution law
T˙ = TS. (2.21)
3. GUMG COSMOLOGY
Cosmological applications of GUMG imply the neces-
sity of working in various coordinate systems, especially
in closed model when the homogeneity hypersurface is
a three-dimensional sphere on which γ = det γij can-
not be globally regular. On the other hand, the condi-
tion (1.1) breaks both time and space diffeomorphisms,
which seemingly precludes from covariant description in
the transition from one coordinate system to another.
There is, however, the possibility to modify the formula-
tion of GUMG theory to preserve a kind of 3-dimensional
bimetric covariance. This is achieved by introducing in
the condition (1.1) the dependence on auxiliary spatial
metric σij ,
N(γ) 7→ N(γ/σ), σ = detσij . (3.1)
Then this condition becomes a scalar with respect to
simultaneous coordinate transformations of two spatial
metrics γij and σij and allows one to consider the model
in arbitrary spatial coordinates. The auxiliary metric can
be taken time independent, but generally has curvature
and involves spatial coordinates, σij = σij(x), x = x
i.
Then the above equations get modified by a simple re-
placement of all 3-dimensional partial derivatives with a
covariant derivative for the metric σij ,
∂i 7→ ∇¯i, ∇¯kσij = 0, ∇¯i = σij∇¯j , (3.2)
which of course preserves this auxiliary metric, but in-
volves nonvanishing ∇¯-derivative of the dynamical met-
ric γij .
4 In particular, since H⊥ is a scalar den-
sity, the covariant derivative ∇¯i, which should replace
∂i in the tertiary constraint (2.12), reads as ∇¯iT ≡√
σ ∂i(wNH⊥/
√
σ). In the quaternary constraint (2.13)
∂i = ∇¯i since the function S defined by (2.14) with ∂kNk
replaced with ∇¯kNk is of course a scalar of zero weight.
In homogeneous Friedmann cosmology with the metric
of positive or zero spatial curvature, k = +1 or k = 0
respectively,
ds2 = −N2dt2 + a2(t)σijdxidxj , (3.3)
4 It should be emphasized that the bimetric covariance does not
bring in the theory local gauge invariance because an auxiliary
metric is not dynamical – it plays in the action the role of external
parameter which is not subject to variations in the variational
principle.
it is natural to identify the above auxiliary metric with
this 3-dimensional metric σij of the 3-dimensional sphere
of unit radius or the flat metric. In these cases we have
the variables of the cosmological background in terms of
the scale factor a(t)
γij = a
2(t)σij(x), N = N(a), N
i = 0, (3.4)
3R =
6
a2
k, Kij = −aa˙
N
σij , H =
a˙
Na
, (3.5)
where according to (3.1) N = N(a) is just a function
of a and H denotes the physical Hubble factor of the
Friedmann background – the logarithmic derivative of the
scale factor with respect to the cosmic time τ , dτ = N dt
(we hope that it will not be confused with the notation for
the GR Hamiltonian and momentum constraints above).5
Equations of motion for this background read
δSGUMG
δγij
= N
√
σa3
[
2
H˙
N
+ 3(1 + w)H2
+ (1 + 3w)
k
a2
]
σij = 0, (3.6)
δSGUMG
δN i
≡ 0, (3.7)
where in view of homogeneity the shift component is iden-
tically satisfied. One can check that the first equation has
the integral of motion with a constant C
H2 +
k
a2
=
C
3Na3
, (3.8)
which can be interpreted as the Friedmann equation with
the Hubble factor, and the energy density of GUMG per-
fect fluid
ε =
M2PC
Na3
(3.9)
(the right hand side of (3.8) being 8piGε/3 = ε/3M2P in
our units with the Newton constant G = 1/16pi and re-
duced Planck mass M2P = 2). A nonzero constant C is
what distinguishes the T 6= 0 branch of the model from
its general relativistic branch. Note that the origin of the
Friedmann equation with a nontrivial dark fluid density
as an integral of motion of the ij-components of modi-
fied Einstein equations is the same as in Horava-Lifshitz
gravity which also does not possess the Hamiltonian con-
straint of the variational nature [14]. However, in con-
trast to [14] where N = 1 and ε is always interpreted
in terms of pressureless dark matter, in GUMG theory
the density (3.9) depending on the function N(a) corre-
sponds to generic equation of state.
5 This definition of H differs from the one adopted in [6] where
this derivative was taken with respect to the coordinate time –
this explains a certain difference of our formalism from that of
[6].
5Similarly to UMG, where the cosmological constant is
a constant of integration of equations of motion, here the
energy density of effective perfect fluid ε is introduced
from initial conditions as a constant of integration. But
contrary to UMG it evolves in time. From the stress ten-
sor conservation law it identically satisfies the evolution
law,
dε
da
= −3 (1 + w) ε
a
, (3.10)
entirely determined by the function w(a),
w =
1
3
d lnN
d ln a
, (3.11)
which in its turn corresponds to the chosen function N(a)
(cf. Eq.(2.3) – for brevity we do not change the nota-
tion for N and w in the transition from their argument
γ/σ = a6 to the argument a). Note that the expres-
sion (3.9) is consistent with the corollary of Eq.(2.21)
in the comoving frame of the GUMG fluid. Indeed, for
uk ∼ Nk = 0 in view of (2.19) S = ∂t lnw, whence the
ratio T/w = −Nε√γ is a time independent constant, so
that ε ∼ 1/Na3.
Thus, appropriate choice of functions N(a) and w(a)
can imitate all possible stages of the cosmological evo-
lution. With N ∼ 1/a3, w ≃ −1 one has inflationary
evolution, N ≃ const, w ≃ 0 corresponds to pressure-
less dust and N ∼ a, w ≃ 1/3 describes the radiation
dominated Universe.
4. GUMG COSMOLOGICAL PERTURBATION
THEORY
The theory of cosmological perturbations on the Fried-
mann background (3.3) was built for GUMG model in
[6]. Despite a big difference of GUMG model from the
conventional GR, where inflationary expansion is usu-
ally driven by the additional inflaton scalar field rather
than by effective perfect fluid, the formalisms of cos-
mological perturbations in both theories turn out to be
surprisingly similar. Here we briefly recapitulate the
results of [6] in a slightly different form by using the
parametrization in terms of the cosmic conformal time
η, dη = Ndt/a, which simplifies comparison with infla-
tion theory applications in cosmology [12, 13]. We also
recover explicitly the Planck mass MP in the above for-
malism, which corresponds to rescaling of the action (2.6)
SGUMG 7→ (M2P /2)SGUMG and all canonical momenta in
the above expressions by the inverse factor 2/M2P .
In this parametrization the Friedmann metric is ds2 =
a2(η) (−dη2+σijdxidxj), and the conformal time Hubble
factor H = aH reads
H = a
′
a
, H = aH. (4.1)
Here and everywhere below prime denotes the derivative
with respect to the conformal time, d/dη = (a/N)d/dt.
Correspondingly, Eqs.(3.6) and (3.8) can be rewritten as
H2 + k = εa
2
3M2P
(4.2)
H′ = −1
6
(1 + 3w)
εa2
M2P
, (4.3)
where the constant of integration C is reparametrized in
terms of the energy density of the background solution,
what we will systematically do in what follows,
ε =
M2PC
Na3
. (4.4)
The perturbations of independent GUMG variables γij
and N i on the background of a classical solution can
be decomposed into the scalar, transverse vector and
transverse-traceless tensor components,
δγij = a
2(−2ψ σij + 2∇i∇jE + 2∇(iFj) + tij), (4.5)
tii = ∇itij = ∇iF i = 0, (4.6)
δN i = (∇iB + V i)N/a, ∇iV i = 0. (4.7)
Here and in what follows all spatial indices are raised and
lowered by the metric σij and the covariant derivatives
preserving this metric, ∇kσij = 0, are also denoted for
brevity by ∇k without a bar (as we will not need below
the covariant derivatives with respect to the full metric
γij this should not lead to a confusion).
In terms of these perturbations the scalar, vector and
tensor modes decouple in the quadratic part of the full
GUMG action, S
(2)
GUMG = St+Sv+Ss on the Friedmann
background. The part Sv of the transverse vector modes
F i and V i vanishes on the constraints of the theory. The
tensor part
St =
M2P
8
∫
dη d3x
√
σa2
[
(t′ij)
2 − (∇ktij)2 − 2k t2ij
]
,
(4.8)
is the action of two graviton oscillators on the non-
static Friedmann background. The scalar sector of the
quadratic action is [6]
6Ss =
M2P
2
∫
dη d3x
√
σa2
[
−6(ψ′ +HA)2 − 4 (ψ′ +HA)∆(B − E′)
+ 2k(B − E′)∆(B − E′)− 2(ψ − 2A)(∆ + 3k)ψ + a
2ε
M2P
Ω
w
A2
]
, (4.9)
where A characterizes the perturbation of the lapse func-
tion δN = NA and reads in terms of the scalar modes
as
A = w(∆E − 3ψ), (4.10)
where ∆ = σij∇i∇j is the 3-dimensional covariant
Laplacian.
The tensor graviton action (4.8) can be directly used
in the studies of tensor perturbations, whereas the scalar
action Ss still requires reduction to the physical sector
by solving relevant primary and higher order constraints
– linearized version of the constraints discussed in Sect.2
This reduction, described in detail in [6], is different for
contributions of homogeneous and inhomogeneous modes
in Ss = S
(0)
s + S
(>0)
s . The action of spatially constant
variables ψ0, E0 and B0 in (4.9),
S(0)s =
3M2P
2
∫
dη d3x
√
σ a2
{
−2(ψ′0 − 3wHψ0)2
+
[
3wΩa2ε/M2P − 2k(1 + 6w)
]
ψ20
}
, (4.11)
similarly to the tensor case does not generate any con-
straints and incorporates one physical mode which is in
fact the first order perturbation of the background so-
lution of Eq.(3.6) [6]. This single mechanical mode is a
ghost because of the negative sign of its kinetic term and
does not differ much from the scale factor in GR, except
that ψ0 in GUMG is dynamically independent and its
nonvanishing constant of motion C is freely specified by
initial conditions.
In the sector of inhomogeneous modes the physical re-
duction consists in the transition from (4.9) to the canon-
ical action of the variables ψ, E, B and their conjugated
momenta Πψ, ΠE and ΠB
Πψ = −2M2P
√
σ a2
[
3(ψ′ +HA) + ∆(B − E′)], (4.12)
ΠE = 2M
2
P
√
σ a2
[
∆(ψ′ +HA)− k∆(B − E′)], (4.13)
ΠB = 0, (4.14)
and the derivation of the chain of constraints which follow
from the conservation of the primary constraint ΠB = 0
– the analogue of (2.11)-(2.13),
ΠE = 0, (4.15)
a2ε
2M2P
Ω
w
A+ (∆ + 3k)ψ +
H
2a2M2P
Πψ√
σ
= 0, (4.16)
HdΩ
da
A+
1
6a2M2P
dw
da
Πψ√
σ
+ wΩ∆B = 0, (4.17)
The solution of these constraints with respect to E and
B in terms of the remaining canonical variables ψ andΠψ
then yields the canonical action
S(>0)s [ψ,Πψ] =
∫
dη d3x
(
Πψψ
′ −H[ψ,Πψ]
)
(4.18)
with the physical Hamiltonian density
H[ψ,Πψ] = − k
√
σ
4a2M2P
Πψ√
σ
Oˆ−1Πψ√
σ
+ a2M2P
√
σ ψ Oˆψ
+
2M4P
ε
w
Ω
√
σ
(
Oˆψ + H
2a2M2P
Πψ√
σ
)2
, (4.19)
Oˆ ≡ ∆+ 3k. (4.20)
Remarkably, this canonical formalism is in one to one cor-
respondence with the canonical formalism of the physical
sector in the theory of the minimally coupled inflaton ϕ
(cf. Eq.(B12) of [13]) with a generic inflaton potential
VI(ϕ) and the energy density of the homogeneous back-
ground εI = ϕ
′ 2/2a2+VI(ϕ). The identification relating
the two formalisms is
ε
Ω
w
⇔ ϕ′ 2/a2 = (1 + wI) εI , (4.21)
where wI is the parameter of the equation of state of
the inflaton relating its energy density to its pressure
pI = wIεI = ϕ
′ 2/2a2 − VI(ϕ). Note that in the infla-
tionary slow roll regime with both w and wI close to −1
both of the above quantities are small and provide a big
coefficient of the last term in the Hamiltonian density
(4.19) (and the relevant term in Eq.(B12) of [13]).
For k 6= 0 this Hamiltonian density is spatially nonlo-
cal and leads to the spatially nonlocal Lagrangian, but
similarly to [13] one can perform the canonical transfor-
mation to new variables
q =
2M2P (−Oˆ)1/2√
(1 + w) ε
(
ψ +
H
2a2M2P
Oˆ−1Πψ√
σ
)
, (4.22)
p =
√
(1 + w) ε
2M2P (−Oˆ)1/2
(
−a
2M2P
√
σ
H Oˆψ +
Πψ
2
)
, (4.23)
which converts the canonical action to such form that
yields after the transition to the Lagrangian formalism
the local action of the q-variable. Systematically using
the background equations of motion (4.2)-(4.3), which
express H and H′ in terms of ε, and omitting the bound-
7ary terms caused by integration over η by parts one finds
Ss[q] =
1
2
∫
dη d3x
√
σ
{
q′2 +
w(1 + w)
Ω
q Oˆq
+
[
z2
2
+ z
(1
z
)′′ ]
q2
}
, (4.24)
z2 = (1 + w) εa2/M2P . (4.25)
The analogy with the formalism of the inflaton model
then extends even further, because in this model the vari-
able z =
√
(1 + wI)εIa/MP equals ϕ
′/MP in full accor-
dance with Eq.(B19) of [13].
There is however a big difference in spatial gradients
part – in contrast to the inflaton model with a unit speed
of sound, the GUMG speed of sound is nontrivial
c2s =
w(1 + w)
Ω
. (4.26)
This leads to the criterion of stability of the model
against ghost and gradient instabilities of UV modes, de-
rived in [6]
w
Ω
> 0, 1 + w > 0. (4.27)
The first condition follows from the positivity of the high
energy kinetic term for ψ in (4.19) which is interpreted as
absence of ghosts [6], whereas the second condition rules
out gradient instabilities.6
Below we restrict ourselves with spatially flat Fried-
mann background which is most of all interesting from
the viewpoint of inflation theory. This case of k = 0 and
σij = δij is much simpler because ε = 3M
2
PH2/a2 and
direct transition from the canonical action (4.18)-(4.19)
to the Lagrangian action of the original field ψ gives
Ss[ψ] =
M2P
2
∫
dη d3xa2
3Ω
w
(
ψ′2 +
w
Ω
(1 + w)ψ∆ψ
)
,
(4.28)
after using again background equations of motion and
freely integrating over η by parts.
Therefore, the canonically normalized mode ϑ,
ϑ = θ ψ, θ2 = 3a2M2P
Ω
w
, (4.29)
has the action
S =
1
2
∫
dη d3x
(
ϑ′2 + c2s ϑ∆ϑ+
θ′′
θ
ϑ2
)
, (4.30)
6 In the q-parametrization of (4.24) gradient and ghost instabili-
ties mix up because the canonical transformation (4.22)-(4.23)
mixes kinetic and potential terms of the action. In particular,
the second condition follows from the requirement of reality of
these transformations, whereas the first condition is a corollary
of c2s > 0.
and satisfies the well-known Mukhanov-Sasaki equation
[12, 13]
ϑ′′ − c2s∆ϑ−
θ′′
θ
ϑ = 0. (4.31)
In the momentum space representation the propagat-
ing modes ϑk(η) of this equation with the comoving wave
vector k, −∆ = |k |2 ≡ k2, read in the short-wavelengths
approximation (c2sk
2 ≫ θ′′/θ) as positive and negative
frequency basis functions
ϑ
(∓)
k
(η) =
C∓√
2cs(η)
exp
[
∓ik
∫ η
dη¯ cs(η¯)
]
. (4.32)
The solution in the long-wavelengths approximation
(c2sk
2 ≪ θ′′/θ) reads as a sum of two modes,
ϑk(η) = C1 θ(η) + C2 θ(η)
∫ η
η0
dη¯
θ2(η¯)
. (4.33)
For θ(η) sufficiently quickly growing with η the integral
in the second term approaches a constant value saturated
by the behaviour of θ(η) at small values of its argument,7
so that at late time ϑk(η) asymptotes Ckθ(η) with some
other time independent coefficient Ck. Therefore, long-
wavelength modes freeze, ψk = ϑk/θ → Ck, and slowly
vary only due to a decaying mode which is usually dis-
carded at late stages of cosmological expansion.
5. INFLATIONARY POWER SPECTRUM
Suppose that the GUMG functions N(a) and w(a)
are chosen so that they provide a sufficiently long quasi-
exponential expansion, that is w(a) is slightly higher than
−1. This can be considered as the inflation stage gener-
ated by the global conformal mode – the scale factor a
which, in contrast to GR, is a dynamical degree of free-
dom and whose perturbation – homogeneous mode of the
scalar graviton ψ0 – is related to the perturbation of the
initial conditions for a and a˙ incorporating the constant
C in Eq.(3.8). Let us find the power spectrum of inhomo-
geneous modes of this graviton, generated by its vacuum
primordial fluctuations, and compare it with known in-
flationary spectra.
From the relation (4.29), ψ = ϑ/θ, the two-point cor-
relation function of the scalar graviton field reads as
〈0|ψˆ(η,x) ψˆ(η,y)|0〉 =
∫
dk
k
sin kr
kr
k3
2pi2θ2(η)
∣∣ϑk(η)∣∣2,
r ≡ |x− y|, (5.1)
7 Like for θ ∼ ηγ , γ > 1/2, this integral behaves like (1/η2γ−1
0
−
1/η2γ−1)/(2γ − 1), the second term forming the decaying mode
which can be discarded at large η.
8so that the primordial power spectrum of ψ equals
δ2ψ(k, η) =
k3
2pi2
∣∣ϑk(η)∣∣2
θ2(η)
, (5.2)
where ϑk(η) is the positive frequency basis function of
the Mukhanov-Sasaki equation (4.31) for the canonically
normalized field ϑ, which corresponds to the choice of its
initial vacuum |0〉. For presently observable large scales
these modes were immensely blue-shifted at the begin-
ning of the inflation stage. As is usually adopted [12], for
these early moments of time η they are described by the
adiabatic short-wavelength expression (4.32), ϑ
(−)
k
(η),
with the unit normalization C− = 1 relative to the Klein-
Gordon inner product.
The basis function ϑk(η) = ϑ
(−)
k
(η) with a fixed comov-
ing momentum evolves in time into the long-wavelength
combination (4.33) because θ′′(η)/θ(η) is rapidly grow-
ing in the course of cosmological expansion (for any
power law behavior of Ω/w ∼ aq its growth is defined
by (a2+q)′′/a2+q = (2 + q)
[
3(1 − w)/2 + q]H2a2), and
the transition between the regimes (4.32) and (4.33)
takes place at the moment η∗ of horizon crossing where
c2sk
2 ≃ θ′′/θ or csk = Ha. Matching the short- and
long-wavelength solutions at this moment, one finds the
value of the normalizing constant C1 = C1(k) for a given
comoving scale k,
C1(k) θ(η∗) =
1√
2cs(η∗)k
, cs(η∗)k = H(η∗) a(η∗),
(5.3)
where we disregard an inessential phase factor and the
contribution of the decaying mode discussed above in
footnote 7. As a result the long-wavelength basis mode
of the adiabatic vacuum of the scalar graviton becomes
ϑk(η) =
1
θ
√
2csk
∣∣∣∣
csk=Ha
× θ(η)
=
√
w
6Ω
H
(csk)3/2MP
∣∣∣∣
csk=Ha
× θ(η), (5.4)
where the time dependent function θ(η) is determined by
the background function defined in Eq.(4.29) and the rest
is determined at the horizon crossing moment. There-
fore, the factor θ(η) dutifully cancels out in the power
spectrum of the scalar graviton fluctuations (5.2) which
becomes time independent and reads
δ2ψ(k) =
1
12pi2
√
Ω
w(1 + w)3
H2
M2P
∣∣∣∣
csk=Ha
, (5.5)
where all quantities are taken at the horizon crossing.
GUMG theory is not invariant under the full set of
spacetime diffeomorphism and, moreover, in its phys-
ical sector local symmetries of the model are com-
pletely gauged out. However, phenomenologically ob-
served anisotropy of the relic radiation is determined by
the gravitational potentials, which are invariant under
general coordinate transformations, rather than by the
field ψ itself. This is equally true for the GUMG theory,
because here we assume a typical generally covariant cou-
pling of matter to spacetime metric, and the laws of light
propagation in a given metric are on equal footing in-
variant under generic diffeomorphisms both in GR and
GUMG. In other words, the matter sector of GUMG the-
ory – the matter field action in the external curved space
metric – is invariant under these diffeomorphisms irre-
spective of the dynamics of the metric itself even despite
the breakdown of coordinate invariance by the kinemat-
ical restriction (1.1). This means that for the sake of
calculating observable CMBR we have to know the spec-
trum of invariant gravitational potentials rather than the
spectrum of ψ-perturbations.
There are two such Bardeen invariants built entirely
from metric perturbations [15]
Ψ = ψ −H(B − E′), (5.6)
Φ = A+
1
a
d
dη
[
a(B − E′)
]
. (5.7)
As is known, in GR on solutions of linearized equa-
tions for metric perturbations on spatially flat Friedmann
background these two invariants coincide when the spa-
tial part of the matter stress tensor is diagonal [12]. In
Appendix 7A we prove this also for GUMG theory on
the vacuum k = 0 Friedmann background and show that
they express in terms of the scalar graviton function ψ,
Φ = Ψ =
3
2
ΩH
w
1
∆
ψ′. (5.8)
Moreover, along the lines of [12] we show that their long-
wavelength behavior at late times, when the contribution
of a decaying mode can be discarded, has even simpler
representation relating the perturbations of Φ and ψ by
a special constant in space and slowly varying in time
factor
Φ = ψ
1
a
d
dη
[
1
a
∫
dη a2
]
= ψ
d
dτ
[
1
a
∫
dτ a
]
. (5.9)
This factor is an order of magnitude one quantity which
for various post-inflationary stages with a power law de-
pendence on the proper cosmic time τ =
∫
dη a, a(τ) ∝
τp, approximately equals 1/(p+1), Φ = ψ/(p+1). There-
fore, the observable long-wavelength part of the power
spectrum reads
δ2Φ(k, η) =
1
12pi2(p+ 1)2
√
Ω
w(1 + w)3
H2
M2P
∣∣∣∣
csk=Ha
.
(5.10)
In terms of the speed of sound of the scalar graviton
(4.26) and the energy density ε it exactly coincides with
the classical result in the hydrodynamical formalism of
inflation [12] including k-inflation [16],
δ2Φ(k, η) =
1
36pi2(p+ 1)2
1
cs(1 + w)
ε
M4P
∣∣∣∣
csk=Ha
. (5.11)
9The corresponding spectral index, after replacing the dif-
ferentiation with respect to k = Ha/cs by that of a,
ns − 1 = d ln δ
2
Φ(k)
d ln k
=
1
d
d ln a
[
ln Hacs
] d ln δ2Φ
d ln a
∣∣∣∣
csk=Ha
,
(5.12)
reads
ns− 1 =
−6(1 + w) + d lnΩd ln a − d lnwd ln a − 3 d ln(1+w)d ln a
−(1 + 3w) + d lnΩd ln a − d lnwd ln a − d ln(1+w)d ln a
∣∣∣∣∣
csk=Ha
.
(5.13)
Note that the first terms in the numerator and denom-
inator correspond to the standard result for a slow roll
scalar inflaton, ns− 1 = 6(1+w)/(1 + 3w) ≃ −3(1+w),
while the other terms are generated by the nontrivial time
dependence of the sound speed.
Analogous calculations for the tensor graviton action
(4.8)
St =
1
2
∑
I=±
∫
dη d3x
(
v′2I + vI ∆vI +
a′′
a
v2I
)
, (5.14)
rewritten in terms of two canonically normalized field
polarizations vI ,
tij =
2
MPa
∑
I=±
eIij vI , e
I
ij e
J ij = δIJ , (5.15)
give a standard result for the tensor primordial spectrum,
because the speed of sound of tensor gravitons in GUMG
model coincides with the speed of light, cs = 1, and the
basis function of both graviton polarizations, vk, satisfies
a typical equation
v′′k +
(
k2 − a
′′
a
)
vk = 0. (5.16)
Its long-wavelength modes vk(η) = a(η)/(
√
2k ak=Ha),
which match with the short-wavelength modes
exp(∓ikη)/√2k at the horizon crossing k = aH ,
give the total primordial power spectrum of both
polarizations
〈0|tˆij(η,x) tˆij(η,y)|0〉 =
∫
dk
k
sin kr
kr
2k3 |vk(η)|2
pi2a2(η)M2P
,
(5.17)
δ2t (k, η) =
2
pi2a2(η)M2P
k3 |vk(η)|2 = 2
pi2
H2
M2P
∣∣∣∣
k=Ha
,
(5.18)
and the spectral index which for small 1 + w equals
nt =
d ln δ2t
d ln k
=
6(1 + w)
1 + 3w
∣∣∣∣
k=Ha
≃ −3(1+w)∣∣
k=Ha
. (5.19)
The tensor to scalar ratio in GUMG theory depends on
the ratio of energy densities at different horizon cross-
ings for the tensor and scalar gravitons. At the radiation
dominated epoch with p = 1/2 it equals
r ≡ δ
2
t
δ2Φ
= 54
H2k=Ha
H2csk=Ha
[
cs(1 + w)
∣∣
csk=Ha
]
, (5.20)
which coincides with the known expression in the inflaton
driven model with cs = 1 [12].
6. RECONSTRUCTION OF THE MODEL
We will not try to reconstruct the GUMG functions
N(γ) and w(γ) that would match with the observable
cosmological data throughout the whole evolution of the
Universe. But a remarkable similarity of the cosmolog-
ical perturbation formalism in the GUMG model and
GR inflationary cosmology suggests to consider a pos-
sible choice of these functions that could provide infla-
tionary scenario with basic phenomenologically accept-
able features – a nearly flat spectrum of long-wavelength
CMBR with the parameters close to observations. This
might be nontrivial because of stringent restrictions im-
posed on these functions by the requirements of stabil-
ity of the theory, on the one hand, and the necessity to
match their choice with the phenomenology of the early
Universe, on the other hand. The difficulty is related to
a rather peculiar expression for the speed of sound of the
scalar graviton (4.26) and a rather involved form (2.15) of
the function Ω in this expression. Interestingly, despite
the fact that the GUMG model is very similar to the gen-
eral relativistic inflationary cosmology driven by a perfect
fluid matter, the speed of sound excitations in the GUMG
fluid coincides with the known hydrodynamical expres-
sion, c2s = ∂p/∂ε = d(wε)/da/(dε/da) + O
(
(dw/da)2
)
,
only up to the first order in the rate of change of the
barotropic parameter [6]. Apparently, this discrepancy
originates from the fact that in GUMG theory its perfect
fluid is not an additional constituent of the system, but
is a part of the gravitational field itself, and this makes
a comparison of the GUMG model with the cosmological
phenomenology rather incomplete.8
The choice of the function N(γ) compatible with the
inflation stage in the early Universe with small γ = a3
implies the asymptotics N(γ) → 1/√γ at γ → 0, corre-
sponding to w → −1 and the initial Hubble factor H0
in the Friedmann equation (3.8) with C = 3H20 . Correc-
tions to this law providing the growth of w from −1 and
a subsequent exit from inflation can be modelled as
N(γ) =
1√
γ
[
1 + A
(
γ
γ0
)α]
, (6.1)
where A > 0 and α > 0 are some dimensionless param-
eters and γ0 = a
3
0 corresponds to the cosmological size
8 In the relativistically invariant hydrodynamical version of in-
flation formalism [12] the speed of sound is actually deter-
mined by the dependence of p and ε on the relativistic invariant
X = gµν∂µφ∂νφ which determines the fluid 4-velocity ∼ ∂µφ
from the velocity potential φ, c2s = ∂Xp/∂Xε. Lorentz nonin-
variant GUMG theory does not have such entities, and the role
of X is played by a or γ = a3, so that the analogy with hydro-
dynamical theory is rather incomplete. We thank A.Vikman for
this observation.
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at the end of inflation. With this choice of the function
N(γ) the main quantities of the theory read for γ ≪ γ0
as w ≃ −1, c2s ≃ 1/(2α − 1) and ns − 1 ≃ −6α. An
obvious difficulty with this choice is that positivity of c2s
requires α > 1/2 which implies ns−1 < −3+O
(
(γ/γ0)
α
)
and therefore contradicts a small value ns − 1 ≃ −0.04
imposed by the known CMB data. There is, however,
the possibility to select the value α = 1/2 and include
additional power term in the expression (6.1),
N(γ) =
1√
γ
[
1 +A
√
γ
γ0
+B
(
γ
γ0
)β ]
, β >
1
2
. (6.2)
As a result one has up to terms of higher order in powers
of the ratio γ/γ0
w ≃ −1 +A
√
γ
γ0
, (6.3)
Ω ≃ −2β(2β − 1)B
(
γ
γ0
)β
, (6.4)
c2s ≃
A
2B
1
β(2β − 1)
(
γ
γ0
)1
2
−β
, (6.5)
ns − 1 ≃ 3 2β − 3
6β − 1 . (6.6)
Thus, ns − 1 is negative for 1/2 < β < 3/2 and small
when β tends to 3/2. To demonstrate the difficulties in
the reconstruction of N(γ) let us first consider the case of
β = 3/2, when one has to take into account higher-order
corrections in the expression for N(γ), in order to obtain
nonvanishing spectral tilt ns − 1. The inclusion of extra
terms in
N(γ) =
1√
γ
[
1 +A
√
γ
γ0
+B
(
γ
γ0
)3/2
+B1
(
γ
γ0
)2
+B2
(
γ
γ0
)5/2
+ . . .
]
(6.7)
produces the expressions
w = −1 +A
√
γ
γ0
+O(γ/γ0), (6.8)
Ω = −6B
(
γ
γ0
)3/2
+O
(
(γ/γ0)
2
)
, (6.9)
c2s =
A
6B
(
γ
γ0
)−1
+O
(
(γ/γ0)
−1/2
)
. (6.10)
They give rise to the parameters of the inflationary spec-
tra which in the leading order in γ/γ0 involve three sub-
leading orders of the expansion (6.7) with the coefficients
A, B and B1,
δ2Φ(k) =
√
6B
27pi2A3/2
H20
M2P
×
[
1 +
(
A+
B1
B
)√ γ
γ0
+O
(
γ
γ0
)] ∣∣∣∣
csk=Ha
, (6.11)
ns − 1 = 3
4
(
A+
B1
B
)√ γ
γ0
∣∣∣
csk=Ha
+O
(
γ
γ0
)
, (6.12)
r =
δ2t (k)
δ2Φ(k)
≃ 54A
3/2
√
6B
, (6.13)
and the condition of the horizon crossing csk = Ha be-
comes the equation on the scale factor√
A
6B
k
H0a0
≃
( a
a0
)4
. (6.14)
The full number of parameters H0, A,B,B1 is in prin-
ciple sufficient to fit basic estimates coming from obser-
vations, ns − 1 ≃ −0.04, δ2Φ ≃ 10−10 and r ≪ 1 [17].
However, if we also want to preserve the typically as-
sumed duration of inflation from the moment of horizon
crossing by a pivotal wavelength mode in the COBE part
of CMBR spectrum,
γ
γ0
∣∣∣∣
csk=Ha
= e−6N , (6.15)
with the e-folding number N ≃ 60, then these param-
eters should satisfy a number of extra restrictions for
they will otherwise come into contradiction with the ex-
pansion (6.7). Validity of this expansion till the exit
from inflation when γ ≃ γ0 and w ≃ 0 implies that
A,B,B1 = O(1), whereas B1/B ∼ e3N to provide the
magnitude of ns. Therefore, B should be exponentially
small, B ∼ e−3N . This leads to an exceedingly low am-
plitude δ2Φ ∼ e−3N/2H20/M2P , unless H0 takes a gigantic
scale H0 ∼ e3N/4MP , and it also leads to inadmissibly
high tensor to scalar ratio r ∼ e3N/3.
To avoid these controversial estimates one can consider
essentially nonanalytic function (6.2) with the parameter
β slightly lower than its upper limit 3/2, β = 3/2−∆β
with a small positive ∆β ≃ 0.05.
δ2Φ(k, η) ≃
√
6B
27pi2A3/2
H20
M2P
(
γ
γ0
)−∆β
2
∣∣∣
csk=Ha
, (6.16)
ns ≃ 1− 3∆β/4, (6.17)
r ≃ A
3/2
√
6B
(
γ
γ0
)∆β
2
∣∣∣
csk=Ha
. (6.18)
This would generate according to (6.14) the power-law
dependence of the power spectrum amplitude δ2Φ ∝
k−3∆β/4, which obviously leads to the needed value of
the spectral index ns ≃ 0.96 (cf. Eq.(6.6) for general
β). At the same time, usually assumed number of e-
folding after the horizon crossing (6.15) gives sufficiently
small values of the power spectrum amplitude and the
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tensor to scalar ratio. Here we took into account in the
calculation of r by Eq.(5.20) that during inflation stage
H2csk=Ha ≃ H2k=Ha ≃ H20 , even though the horizon cross-
ing by a tensor mode happens much earlier than by a
scalar one – the size of the Universe then is cs times
smaller than that of the scalar mode horizon crossing.
In view of smallness of ∆β/2 the factor
(γ/γ0)
−∆β/2|csk=Ha = e3N∆β ≃ 103, so that the
parameters A and B can be taken O(1) to fit the
observational data under a usual assumption that the
inflation Hubble factor H0 is several orders of magnitude
below MP . So we conclude that r ∼ 10−3 as it should
be according to the present bounds on the amplitude of
the tensor signal [17].
7. CONCLUSIONS
All this shows that inflation and more generally cosmo-
logical acceleration stage of the Universe can, in principle,
be driven by the scalar graviton of the vacuum GUMG
theory without any extra matter constituents like infla-
ton field. This enlarges the list of the models with a
similar property, starting with UMG and including the
theory of vacuum energy sequestering [18], QCD holon-
omy mechanism of inflation and dark energy [19] and oth-
ers. The formalism for inflationary spectra is remarkably
similar to the hydrodynamical version of inflation and
k-inflation [12, 16] and under a proper reconstruction of
the function N(γ) these spectra can match observations.
We will not try to discuss here the exit from infla-
tion, reheating and the following radiation and matter
dominated stages which are predominantly determined
by matter particles created and thermalized in the end of
inflation. Inclusion of matter into GUMG theory can eas-
ily be done without conceptually changing its dynamics.
In GUMG cosmology with matter sources the Friedman
equation arises simply by adding the matter energy den-
sity εm to the GUMG fluid energy density ε = CM
2
P /Na
3
on the right hand side of (2.1),
H2 +
k
a2
=
1
3M2P
(ε+ εm), (7.1)
and this equation, similarly to (2.1), is the integral of
motion of the ij-components of Einstein equations – this
is shown for an arbitrary matter field with a diagonal
stress tensor in Appendix 7B. The effect of εm modi-
fies the above formalism of the inflationary stage and
nontrivially superimposes with the GUMG dynamics at
later cosmological stages when the contribution of matter
becomes strongly significant.
It should be emphasized that in pure GUMG theory
the succession of radiation, matter and dark energy dom-
inated stages would be determined entirely by the choice
of the function N(γ), whereas in conventional cosmology
these stages are induced from different equations of state
successively replacing one another in the course of mat-
ter phase transitions. As discussed in [6], GUMG theory
fails to describe the dark energy scenario if one insists on
the requirement of crossing the phantom divide w = −1
without breaking the stability of the theory by ghost
and tachyon modes. But if we retract this requirement
(which anyway is not really supported at a significantly
high confidence level [17]) then the cosmological accel-
eration stage can be mimicked by GUMG theory. For
this purpose N(γ)-function at large values of the scale
factor a should be approximated by the dominant term
of (6.1) including power corrections in γ/γ0 ≫ 1 with a
negative α. At this epoch the influence of ordinary ever
dissolving matter becomes smaller and smaller, so that
the vacuum GUMG model might be behind the present
day dark energy phenomenon just like it solely under-
lies the early inflation stage along the lines of the above
type. What can be the interpolation between these two
asymptotics ofN(γ) at very early and late times and how
significant can be the contribution of the GUMG energy
ε =M2PC/N
√
γ at intermediate cosmological epochs are,
however, open issues which we do not address here. Still
the possibility of realizing the dark energy scenario by
GUMG model should not be completely ruled out.
There is, of course, another layer of questions that
should be addressed within this model. They include ce-
lestial mechanics, solar system and table-top (fifth force
search) tests of gravity theory which should confirm or
disprove the validity of the GUMG model. Its possible
justification can rely on a simple observation that the
GUMG equations of motion are just the projections of
the conventional Einstein equations, so that any classical
solution of general relativity is simultaneously a solution
of generalized unimodular gravity (cf. footnote 1). How-
ever, there are additional solutions and the additional de-
gree of freedom in GUMG theory, and it is exactly their
contribution that makes it possible to drive inflation by
a scalar graviton without any other matter constituents.
Nontrivial effects of this degree of freedom can and should
show up in present day tests at intermediate and small
distance scales and can start contradicting observations.
A possible justification of the model could then come
from the existence of its two bifurcating branches dis-
cussed in Sect.2 Point is that the choice of the function
N(γ) and the corresponding w(γ) can hardly provide sta-
bility of the dark sector of the theory throughout the
whole cosmological evolution. If we abandon the idea of
simulating dark energy by the GUMG dark fluid and if
we assume that the succession of inflationary, radiation,
matter and dark energy stages is predominantly gener-
ated by matter constituents of the Universe, the func-
tion Ω = 1 + w + d lnw/3d ln a can still pass through
zero in the course of these stages, which will result in
ghost instabilities and, moreover, in the succession of
strong coupling phases which would invalidate pertur-
bation theory. As noted in [6], for Ω = 0 the theory
possesses additional canonical constraints which elimi-
nate the scalar graviton from the spectrum of the theory,
and this elimination is mediated by the vanishing coeffi-
cient of the kinetic term of the scalar graviton, which puts
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the theory into nonperturbative strong coupling regime.9
This might lead to quantum transitions between the two
bifurcating branches of the GUMG theory discussed in
Sect.2, which are classically forbidden by Eq.(2.21). But
the branch with C = 0 is just general relativity in the
temporal gauge (1.1). This opens a possible scenario al-
ternative to the formation of cosmological acceleration
stage by the GUMG dark fluid. This is a hypothetical
scenario of the very early inflationary Universe starting
in the GUMG phase and then jumping by a nonpertur-
bative mechanism to the phase of Einstein theory in a
special gauge (1.1) with conventional general relativistic
laws. There is a lot more prospective issues to be solved
within this model.
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APPENDICES
A. Gauge invariant gravitational potentials
Here we derive onshell expressions for the Bardeen
gravitational invariants [15] (5.6)-(5.7) in terms of phys-
ical variable ψ. In view of the Lagrangian expressions
for momenta (4.12)-(4.13) with k = 0 and the secondary
constraint ΠE = 0 one has
A = −ψ
′
H , (A.1)
∆(B − E′) = − Πψ
2a2M2P
. (A.2)
On the other hand, for the action (4.18) with the Hamil-
tonian density (4.19) the Lagrangian expression for the
momentum Πψ reads as
Πψ
2a2M2P
= −∆ψH +
3Ω
2w
ψ′. (A.3)
Using it10 one obtains the onshell expression for B − E′
in terms of ψ and ψ′,
B − E′ = ψH −
3
2
Ω
w
1
∆
ψ′, (A.4)
9 We thank S.Sibiryakov for the discussion of this point.
10 Note that this expression would be different for the action (4.28),
because this action (4.28) differs from (4.18) by a surface term,
and its momentum conjugated to ψ is different from Πψ.
and the invariant (5.6) takes the form
Ψ =
3
2
ΩH
w
1
∆
ψ′. (A.5)
Substitution of (A.4) into the expression for Φ and the
use of background equations of motion to express H′ in
terms of H2 gives
Φ = −3
2
ΩH
w
1
∆
ψ′− 3
2
1
∆
[(Ω
w
ψ′
)′
− 3
2
(1+w)∆ψ
]
, (A.6)
whence in view of the equation of motion following from
the action (4.28) for ψ
1
a2
(
a2
Ω
w
ψ′
)′
− (1 + w)∆ψ = 0, (A.7)
one finds that both gauge invariants coincide and equal
Φ = Ψ =
3
2
ΩH
w
1
∆
ψ′. (A.8)
After horizon crossing the long-wavelength modes of
these gauge invariants can be represented in terms of ψ
somewhat differently [12]. Eq.(A.7) can be rewritten as
the following equation for the gravitational potential Φ( a
H
Φ
)′
=
3
2
a2 (1 + w)ψ, (A.9)
whence
Φ(η) =
3
2
H
a2
∫ η
η0
dη¯ a2(η¯)
(
1 + w(η¯)
)
ψ(η¯) (A.10)
up to the contribution of the decaying mode which is pro-
portional to H/a2 and which we will discard. As men-
tioned in the end of Sect.4, the long-wavelength pertur-
bation ψ is also frozen up to the contribution of the same
mode and, therefore, it can be pulled out of the integral,
so that
Φ = ψ
H
a2
∫
dη a2
[( 1
H
)′
+ 1
]
, (A.11)
where we used the corollary of the background equations
of motion (4.2)-(4.3) with k = 0
1 + w =
2
3
[( 1
H
)′
+ 1
]
(A.12)
and did not specify obvious limits of integration because
of systematically disregarding the decaying mode contri-
butions. Integrating in (A.11) by parts we obtain with
the same precision Eq.(5.9).
B. Einstein equations in GUMG theory with
matter
In the presence of matter with the diagonal stress ten-
sor
Tmµν = (εm + pm)uµuν + pm gµν , (B.1)
13
which has the matter energy density εm and pressure
pm, the Einstein equations of the GUMG theory have a
standard form with the stress tensor (2.2) of the GUMG
fluid
Gµν =
1
M2P
(Tµν + T
m
µν). (B.2)
Taking their ⊥⊥-projection and expressing the GUMG
fluid density in terms of the Friedmann metric,
ε =M2PG⊥⊥ − εm, G⊥⊥ ≡ 3
(
H2 +
k
a2
)
, (B.3)
one has the ij-components of the equations for Fried-
mann metric,
Gij =
1
M2P
(
M2P wG⊥⊥ + pm − wεm
)
γij , (B.4)
Gij ≡ −
(2H˙
N
+ 3H2 +
k
a2
)
γij . (B.5)
Then the time derivative of the following linear combi-
nation of G⊥⊥ and εm reads as
γij
d
dt
[
Na3
(
H2 +
k
a2
− εm
3M2P
)]
= N2a3H
[
−Gij +
(
wG⊥⊥ − ε˙m
3M2P
)
γij
]
= 0, (B.6)
and vanishes in virtue of the matter stress tensor con-
servation law, ε˙m = −3(εm + pm)NH , and Eq.(B.4).
Therefore we get as an integral of equations of motion
the GUMG Friedmann equation (7.1) with GUMG fluid
density ε = CM2P /Na
3.
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